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ABSTRACT 

We give an elementary explanation about how string 
theorエes overcame the ultraviolet difficulヒy of the 
local field theories. The indeterrninacy principle 
1s reinterpreted as a limitation on the smallness 
of the domain of observations 

1. INTRODUCTIO四
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One of the most attracヒ ive proper乞ies of the string theoryl as a 
candidate for the fundamental unified theory of nature including 

gravi乞y i5 that it resolves the renowned ultraviolet difficulty which 

is inherent in local quantum field theories. How the ultraviolet 

problem i5 circurnvented 1s seen at least mathematical1y by examining 

the singularities
2 
of the integrand of the string-100p amp1itudes 

expressed in the modu1i space of Riemann surfaces with hand1es and/or 

h01es. The singu1arities can occur on1y on the boundary of the modu1i 

space at which a Riemann surface wエth a definite topology is connected 

with another Riemann surface with a different topo1ogy. The 1oca1 

neighbourhood of a 1おniting Riemann surface where the topo1ogy change 

occurs is a1ways conforma11y equiva1ent with an infinite1y 10ng 

cylinder (or 10ng be1t depending on situations) , which is expected to 
be dominant1y mapped into 10ng cy1indrical (or be1t~1ike) wor1d sheets 

in spacetime. From this poin乞 of view , the sing1e most crucia1 
property for the elimination of the u1travio1e乞 difficulty seems to be 
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the conforma1 invariance. 

Physica11y , however , the above explanation does not seem suffi司
cient1y convincing main1y because it is not expressed in a direct 

spacetime picture. Therefore it is not comp1ete1y valueless to seek 

after the ways for understanding how strings see the short distance 

structure of spacetime and to comp1ement the results of the string~ 

loop calcu1ation wエ th much more elementary and intuitive languages. 

1n this note 1 wou1d like to 乞ry to do this and to make further 

re1ated remarks. 

2. DUALITY AS AN INDETERMINACY PRINCIPLE 

The source of the u1traviolet divergences 1n 10cal fie1d theories 

can be traced back to Heisenberg's indeterminacy princip1e. Consider 

the 乞ime-energy relation 

ßt.ßE;と1í. (1) 

This relation originally means that any observation performed to a 

quantum system within a time interval 6t induces an uncertainty 6E of 

energy. More precisely , 6t is taken to be the t1me interva1 between 
two sequentia1 observations and l!.E 1s the f1uctuation of the difference 

of the energies obtained. 1n local fie1d theories , 6t can be taken to 
be the time interval between the interaction vertices. As l!.t + 0 , 
(1) implies that quantum fluctuations w1th arbitrarily 1arge energy 

(and hence large spatial momenta)" � 'ù世(At)-lean contribute to 
physical amplitudes. The divergenc� 1s caused by the fact that the 

1-D 
number of partic1e states increases as 6t~ ~ where D is the spacetime 

dimensions. It has been recognized through numerous unsuccessfu1 

attempts that this u1traviolet difficulty cannot be remedied w1thin 

the framework of 10cal fie1d theory e5pecia11y when the gravitationa1 

interaction 1s taken account. 

A bas工c and traditiona1 way out of this problem was to abandone 

the 10cality of the interactions. Sufficient1y high momenta would 

then be cut off. 1n fact , if the quantum string i5 viewed as a 
col1ection of infinite number of local fie1ds which are obtained by 

tamy
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dヱfficulty 1n string theory.*) 

To make (2) more precise , we have to give a definition of the 

intrinsic extension of a string. Take for definiteness the case of 

The transverse coordinates are closed strエロg 1n the light-cone gauge. 

represented by the normal mode expansion (O~σ毛27f t 1=1 , .・・， D-2 ， D=26) 

1 • i ェ 1 ， i 1nσ~i _ -1no、
x-(σ) =ーー[x~ + -:;-E ー(αe---~ +αe _"0) 

J言 o ' 2岬o n " ..... n..... .....n... I 
(3) 

The set of mass eigenstates coincides with the occupation number 

basis of the Fock space with respect to the canonical commutation 

Ia;，司]j , _ _, 2 
αJ = n入占 占

n判n ， O

relations 
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There 1s a trouble 1n defining the extension of a string configuratio~ 

One of the most natural measure for the fluctuation of the intrinsic 

(5) 

to be the following quantity , 

、Z. ,1/2 
<(x(民) -x(ω)ち]

(σ a..，) ...釦
1'....2 

~x indicates to take the maximum va1ue among the choices 
(σ1 ， 02) 

of the "-...'-~， pair (，σ ， σ). Un1essσ= O~ ， however , <(X(O,) -
.... r--~ "'-1 J '-2" -..-----1 ....2 

x(σ2) )ー> is always divergent for arbitrary normalizable sta ヒes in the 

Fock space. This is due to the facヒ that the string-coordエnate

operator x 1 (σ) at a point σhas no well-defined meaning for the same 
reason as is the case of a field operator defined at a spacetime 

point in ordinary local field theories. Some sort of smearing is 

Let us therefore introduce a set:r of smearing functions 

where 

making the normal mode expansion to diagonize the mass operator , the 
absence of ultraviolet divergence can partially be understood as due 

to the violation of locality. For example , the general vertex which 
represents the connectエon condition of string configurat工ons takes the 

Gaussian form with respect to thelcenter~of~mass 守 momentum variables. 

A consequence of this is that the high momentum behavior of the sヒring

amplitudes is sofヒened to the Regge-pole behavエor replacing the power句

like behavior of local fie1d theories. Unfortunate1y ，エt is very 

difficu1t to formu1ate the string theory based on such a non~1oca1 

picture. We know that the string theory can be formu1ated within the 

framework of quantum mechanics in which causality and unitarity 1s 

satisfied in the same sense as in local gauge field theories. 

(Remember the light-cone gauge formu1ation.) 

Then the following question comes to mind: If the center-of-mass 

momenta are cut off owing to the non国10cality as exp1ained above , 

how should the re1ation (1) be interpreted? Rough1y , the answer is 
the f0110wエng ・ 1n string theory , there is an infinite tower of states 
with arbitrarily large masses. Hence , energy can become arbitrarily 

large without acquiring large spa ヒ ia1 momenta. Now the intrinsic 

spatial extension of the string states becomes 1arger as the mass 

increases. Thus , in the string theory , the 1arge energy fluctuation 
actually means large f1uctuation with respect to the intrinsic 

spatial extension of string ・ Led by this observation , we propose to 
reinterpret the relation (1) as an indeterminacy relat10n between the 

interval of observations and the f1uctuations with respect to the 

intrinsic extension of the 'observatエons' ! 
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extension might seem 

necessary. 

*) sロnilar cons~deration applies to any extended object provided 
乞hat the intrinsic exヒension can エncrease with energy without limit. 
However , except for string , inc1usion of gravity seems difficult. 

,. , 1/2 
where ﾀ is the universa1 length parameter given by (4官α'ft) -, ~ where 

α ， being the slope parameter. (One unit エs such that'c=l.) 

Here an 'observation' is a synonym of a string interaction. 

(2) implies tha乞 theτe is a limitation about the smallness of the 

spacetime domain where arbitrary possible observation in str1ng theory 

1s performed. 1n this sense there is no room for ultraviolet 
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as a complete set of orthonormalized functions on the σ...parameter 
space. 
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2,,. .1/2 J丈ごっててす[<中 [(x(f 1 ) -X(fO))k[ 中>]." = t (2N礼)ν (9) 

(6) for 乞he choice (7) and n=1 , m=O. For other combinations of (n ,m) the 

extension does not exceed (9). This implies the 'relation (2). It seems 

fairly obvエous that the result does not depend on the choice of the 

5et 守， although we do not try to make the argument rigorous. 

Since the indeterminacy relation (2) 1s expressed direcヒ1y using 

the product of a 'time-like I length and a I space-like I length , it 
natural1y fits 10 the original concept of duality , or perhaps more 
appropria乞ely 1n the concept of 'reciprocity ,3 

It should a150 be remarked that while (2) explains the absence of 

the ultraviolet problem , it 10 turn suggests the existence of a danger 
of infrared difficu1ty because of a 1arge fluctuation in the 10ng 

distance regime. The necessity of supersymmetry as a consエstency

condition on string theory arises at this point. 

For example , we can use 

fn(O) =先 COSnσ n と 1 , 

fJσ) =キ s1nncr
日 tn

f n (σ) = ;__ 
v 12甘

n 乙 1 , (7) 

Then , define the fluctuation of the intrin山 exten山nof a norma1ized 
string stat�" \中> by 
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3. PROPERTIES OF STR工NG PROPAGATOR 
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 To get a further confirmation of the re1ation (2) , it is useful 

to study the string propagator. Fェrst let us remind ourselves the 

case of point partic1e. The point~particle propagator is in 

Euclidean metr1c 拍c-e 戸山r1ty of the pr吋叫 J山(0.戸1(σO2 ) 1臼5 1。咋ga町r山凶1cc 
( 10g1σfσ2l) ， the quantity < Olk(fJ-x(fm))210 > 1s uMfomly bounded 

by a constanthdependentof n and m ppoVided 乞hat [f_[< C for 
arbitrary n.Hence , (8)1s we11def1ned.u 

We can now check the relation (2). If the interva1 of observaｭ

tions is of 0了der Öt , (1) implies that the states of masses of the 
order 11 (l\t)-ム are excited: 

,00 ーとzli-4Tn2
l¥(x-y) = const.1 -壬云 e .κ h 

'0τ-

(10) 

2 
~- 00 

可 E<(α-n ・九 + a an) > 吋2(l\t)-2 . 
入 n=1 11 11 

In (10) , the Schwinger parameterτcharacterizes the magnitude of the 
interval 々Z訂主 between the interaction points. 

τhe closed-string propagator corresponding to (10) 15 , 1n the 
light-cone gauge , given by 

The t:寸勺YJXTded mss UEeMate ln thismgeis1 加=
(N!) -(札1)(811)司 0> with N 'ù入2( l\t) ー2 We find 

_ 4τ 一， , 
''''' -...., -"ー

ι[x(σ) ， y(O)] = c∞。n5叶壱eÀ2 rrへ町(α1ト戸寸e 『‘1下川3ρ内2勺) -ヘxp -Sci 
cl. 且

~_，. n=l 
O 南

(11) 
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SC12 去(X仇)2 +号:」有[(lxn|2+1vn|2〉C084
.̂.. n""1 sinh"'u~ λ 

λh 

-2Re(思u'y-u)) (12) 

where 

1 i ゃ i -1nσ 
(σ) =下五

仔 o . u~o 

yi(σ) =ム yi+Z yieFinc , 
布 o . u~o 

2 
In (12) , the zero-mode part (xn-y,,)- contains a11 D = 26 components o '0 
while the non zero-modes contain only transverse components , As in 

(10) , the moduli parameter ~ characterizes the interval 
(If '"ベEて子7主) between the l center_of吋凶SI coordinates of the o '0 
initial and f主nal string configurations. When T becomes large , Sct 

15 appraxむnated by 

scd1= 去(X内
入 n=1

As expected , (13) means that ヒhe propagator reduces 1n this 11mit to 

the s山n of the particle propagators of the tachyon and massless 

states whose stringy extension 1s of order λ. 

on the other hand , 1n the 11mit of 5mall T, we find that the 
contribution 1n the second term of (12) for n satisfying 2nT/入 2<< 1 
is 

(志 -4〉igpJ2+ 号(lgJ2+lvn|)2+
3), -

)
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(
 

(14) 

This shows that the intrinsic extensエ00 ， defined by (8) , of the 
dominantly propagating states is of order 入2 1汗 as required by (2). 

τhe conclusion drawn from this simple calculation 15 that (2) 1s 

satisfied 10 the whole range of the moduli parameter. Although our 

calcu!ations are performed for the closed bosonic string , it is clear 
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that the same conclusion follows for other cases as wel1. 

We note that the form of the propagator (11) and (12) 1s actually 

valid4 for any initial and final configurations which do not lie 1n 

the light-like hyperplanes , provided tha乞 the initial and final 

configurations are already parametrized. Only change 1s that the 

scalar products 10 (12) for the non-zero modes are replaced by the 

full D-dimensional products. In the general case , however , the manner 
how the propagator appeaぜs 1n the amplitude needs not be the same as 

in the usual Feynman ru1es of 1oca1 fie1d theories. Remember the we11 

known prescript10n on the integration over the fundamental region of 

the moduli space 1n the case of loop amplitudes. It 1s important to 

realize that the propagator of the type (11) can be used on1y when the 

summation over the init主a1 and final configurations is suitab1y 

restricted so as to be consistent with unitarity. At present , the 
only workab1e case is the light~cone formu1ation 1n which the configuｭ

rat10ns are restricted to the light-like hyper planes. In principle , 
however , there should exist definite prescript10ns for any choice of 
the slice of space~like hypersurfaces. 

As an example of a more genera1 choice of the slice , let us 
O 

consider the time~like gauge ðx
V

(σ)/30 = O. Then ヒhe scalar product 

'X_ .y~ 1n (12) 1s (D-l = 25) dimensiona1. Our conclusion about the u -u 
re1ation (2) エs of course valid 1n this case as well. However , a 
sma11 puzzle arises: Since the power 24 of the infinite-product term 

in (11) 1s smal1er than 25 , the pole res1due is not in general 
positive def1nite. On using the same trick as in the covariant case4 , 
we find the operator form for the propagator 

〈Xn ， I1}|;? 〔ー )m.
v 11 m=ー∞
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1n this note ，工 have tried to understand the short distance 

property of the string theory from an e1ementary point of view. 

1 have suggested to reinterpret the indeterminacy principle in string 

theory as a manifestation of the fact that the string theory contains 

a mechanism for cut乞ing off the shor乞er d土s-tance contributions than 

the Planck length. It is my hope that these considerations , a1though 
yet very much prおnitive ， might help our search for hェdden geometrica1 

foundation of the string 乞heory.

This work was supported in part by Grant-in~Aid ， the Ministry of 

Education , Science and Culture of Japan (No.60540170). 
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and rnore ambitiously , to find a genera1 forma1ism in which the 
arbitrariness of the choice of the space-like hypersurface i5 manife5t 

in analogy with , e.g. , Whee1er-DeWitt's Hami1tonian approach to 

4. 

quantum gravity. 

CONCLUSION 
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This prob1em i5 res01ved by noticing that (15) 1s we11 defined on1y 1f 

the string configuration is parametrized. 1n the 11ght-cone gauge , 
the parametrization was fixed by the requ1rement ap+(σ) ;aσ= O. 
1n the time~1ike gauge , unfortunately , there is no prefered parametri白
zation. Then to preserve unitar1ty , we have to demand that the states 
multip11ed to (15) be parametrization independent. 

the initial and final states , I 中 1> a叫|中2> respective1y , shou1d 

(17) 

As a f エrst nontrivial check of the positivity , we study the mass1ess 
The residue of the mass1ess pole 1s given by 

四s・=吋2|{3514記ρ守01 "'~1"'~1 -1 0刈1 } 1 中1> ・
i ,j=l 

This means that 
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The on1y non zero spatia1 component of the zero-mode momentum can be 

Then , using assumed to be the (D-1 == 25)-th component denoted by k. 

the Fourier components Rn defined by 
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By the condition (17) , (20) leads to 
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It is desirable to find a genera1 proof of positivity a10ng th1s 1ine , 


